An analytical solution for the photonic band-gap of semiconductor structures in the terahertz (THz) frequency range is discussed. In analogy with the Kronig-Penney model for electronic band-gaps in periodic potentials, Maxwell's equations for the propagation of light in the photonic crystal are transformed into an equivalent form of Schrodinger's equation. In the THz frequency range, the reti'active index of the semiconductor is well represented by a frequency-dependent Drude model. We thus find a Kronig-Penney type solution for the photonic band-gap crystal.
I. INTRODUCTION
Photonic crystals were first discussed by Yablonovitch I and John" and have been the focus of growing interest as new applications and technologies emerge,3,4 Textbook treatments of photonic crystals5,6 typically draw an analogy between the solution to Schrodinger's equation for a periodic potential, which leads to solid-state band-gap structures, and the solution of Maxwell's equations with a periodic dielectric constant, which leads to photonic band-gap structures.
The analysis of periodic potentials and their impact on electronic band structures and lattice dynamics are the central theme of the study of solid-state physics. A mechanical analog of periodic lattice dynamics has been developed for lecture demonstrations.? However, the mathematical analogy between electron band-gaps and photonic band-gaps is limited. Analytical solutions~for photonic band-gap crystals are rare, and we must generally resort to numerical solutions, in particular, for a full three-dimensional treatment.6 One reason is that Maxwell's equations for photonic band-gap crystals have the added constraint that the electromagnetic waves are transverse, whereas the wave function of Schrodinger's equation does not have this limitation.
For numerical solutions, it is beneficial to cast Maxwell's equations in terms of the magnetic field intensity, H:
whcre E(X) is the dielectric constant of the material as a function of position, w is the frequency of the electromagnetic wave, and c is the speed of light. In this formulation, the vector operator VX l/Evx simplifies the numerical analysis.
Our goal is to present a simple, one-dimensional analytical method that utilizcs undergraduate levcl solid-state physics to introduce photonic band-gap crystals. We solve for the electric field E instead of H for simplicity, and consider a class of materials that exhibit Drude-like frequencydependent conductivity, which leads to an equation that can be solved analytically in analogy to the Kronig-Penney model of solid-state band-gap structures, Our model utilizes alternating layers of doped and un-doped silicon sheets as the photonic band-gap material. The altemating layers form a one-dimensional lattice that fOlIDs a periodic potential energy in the propagation direction, normal to the silicon layers. solution can be found to calculate the photonic band-gap structurc. In this fommlation, the solution is given in terms of the potential energy of thc pcriodic laycrs. Thc layer's free carricr conccntration takes on thc role of the pcriodic potential cncrgy. By using this formalism, simple one-dimensional ,photonic crystals can bc modeled in the terahertz (THz) (far-infrared) ti'cquency range.
II. KRONIG-PENNEY MODEL
Thc time-independent Schrodinger equation may be written as
where \(I is an eigenfunction and E is the energy eigenvalue of the particle with mass m moving in a square-well pcriodic potential energy V(z), shown in Fig, 1 . Ifwe divide through by TJ2/2m, we obtain (2) (1)
The potential of the un-doped silicon, Va, is assumed to be negligible compared to the potential of the doped silicon, Vb, The condition for traveling wave solutions, \(I = A exp (-ikz) , through a square-well periodic potential of finite width b and lattice spacing a + b is 10
and Q= 2m Vb 2mE ---r/ rJ" . 
III. PERIODIC PLASMA FREQUENCY
In this section our goal is to transfonn Maxwell's equations into an equivalent formulation, in analogy to Eq. (3). From this formulation, the photonic band gaps can be calculated analytically from Eqs. (4), (5), and (6). The periodicity of the potential energy in Schrodinger's equation will conespond to a periodic electron density in Maxwell's equations. Maxwell's equations in CGS units are YXE= -~aB c at'
where Coois the contribution to the dielectric constant due to bound charges, which does not depend on the dopant density. J(z) is the periodic CUlTentdensity induced by free charges. Most approaches that relate the Kronig-Penney model with photonic band-gap materials are directed toward solving Eq. (3) for which the dielectric constant varies periodically in space and is purely real (that is, there are only traveling wave solutions) and J(z)=0.12,13,16 Moreover, these approaches assume that the dielectric constant, or equivalently the index of refraction, is independent of frequency. Clearly, this assumption is not valid when the frequency of the electromagnetic wave is comparablc to the plasma frequency of the doped regions.
In the present case, it is the free charges that are periodic. If we substitute Eq. (10) 
For the semi-infinite crystal, O<z<oo, the dielectric constant IS
In the THz frequency range, the propagation of electromagnetic waves through doped semiconductors such as silicon is well characterized by the Drude model,11,14 which assumes that the collision frequency, 1/7, of the free electrons in the doped silicon is negligible compared to THz frequencies, that is, WP> I. From experimental data for the direct current (de) conductivity versus dopant density, the scattering time 7 can be estimated from ne27 CT de= -;;-.
For doped silicon with Ne~1O18cm-3, 11r~6.46 MHz. IS If we neglect collisions, the dielectric constant can be expressed as
where w~= 4'iTN e2hn is the plasma frequency. The index of refraction can be expressed as 11= Fe:
By using Eqs. (13) and (15) The condition for traveling wave solutions for the photonic band-gap is given by Eq. (4) with K=~£, c (I 9) and
where wp is the plasma frequency of the doped layers. We note that the similar forms ofEqs. (18) and (3) nmy (that is, if there are traveling wave solutions in the doped layers rather than exponentially damped solutions), Eq. (4) is still the solution of the photonic crystal16 with cosh Qb->cosIQlb and
For typical applications of the Kronig-Penney model to crystals, the value of Q in Eq. (6) is real because the potential barrier is higher than the energy of the moving particles. Tn order to make Q real in Eq. (20), w;> w2 E",. In this regime, the electromagnetic frequency is below the plasma frequency cutoff for free electrons in the doped layers. Consequently, the wave function is exponentially damped in these regions. This condition is analogous to that of a solid state system for which the energy of the particle is smaller than the barrier potential ( E-U < 0). A quick approximation for the required carrier concentration for the plasma frequency cutoff at 1 THz is N= 1.1178X 1017cm-3 with Eoo=10. At 0.3 THz, this value decreases to 1.006X 1016cm-3.
(21)
IV. CRYSTAL DESIGN
In this section, we apply realistic parameters toEq. (18) and produce a dispersion relation. The photonic structure, as stated before, is comprised of a stack of alternating doped and un-doped silicon layers. The resistivity of the doped silicon is 0.023 fl cm, which cOlTesponds to a carrier concentration of N = 1018cm -3. The parameters a and bare 50 and 5 ,urn, respectively. The refractive index, n, is plotted against frequency in Fig. 2 using Eq. (16) to illustrate which frequencies are solely absorbed by the doped layers, that is, the operating range. The un-doped layers have negligible carrier concentration so that the index of refraction is dominated by the bound charges. In order for the index of the doped layers to be imaginary, w;> w2 E"" the fi:equency of the incident light must be less than~2.8 THz. A plot of the arc-cosine of the left-hand side of Eq. (4) versus frequency yields the dispersion relation of the crystal, as shown in Fig. 3 . An effective index of refraction for the crystal is uscd to describe the overall reflectivity from the photonic structure. The relation dw n=c dk
is used to plot the crystal transmittance as a function of frequency, as shown in Fig. 4 . Figure 5 is a plot of the wave propagation through the crystal for two frequencies: one in the photonic band gap and one outside of the gap.
V. CONCLUSION
By assuming a Drude-like frequency dependent conductivity for free carriers in alternating layers of a semiconductor photonic band-gap material, an analytical solution in the THz range can be formulated. The solution is analogous to the Kronig-Penney model of electronic band-gaps. This formalism serves as a tool for introducing undergraduate students to photonic band-gap materials using the familiar formalism of the Kronig-Penney model and Drude-like conductivity.
